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EFFECTS OF CONCAVITY ON THE MOTION OF A BODY IMMERSED IN A
VLASOV GAS
Francesco Sisti∗, Costantino Ricciuti†
Abstract
We consider a body immersed in a perfect gas, moving under the action of a constant force E
along the x axis . We assume the gas to be described by the mean-field approximation and interact-
ing elastically with the body. Such a dynamic was studied in [3], [4] and [5]. In these studies the
asymptotic trend showed no sensitivity whatsoever to the shape of the object moving through the gas.
In this work we investigate how a simple concavity in the shape of the body can affect its asymptotic
behavior; we thus consider the case of hollow cylinder in three dimensions or a box-like body in two
dimensions. We study the approach of the body velocity V(t) to the limiting velocity V∞ and prove
that, under suitable smallness assumptions, the approach to equilibrium is |V∞ − V(t)| ≈ Ct−3
both in two or three dimensions, being C a positive constant. This approach is not exponential, as
typical in friction problems, and even slower than for the simple disk and the convex body in R2 or R3.
Keywords : Viscous friction; microscopic dynamics; dynamics with memory.
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1. Introduction
Let us consider a body of mass M moving with velocity V(t) along the x axis under the action
of a constant force E, immersed in a homogeneous fluid. Its time evolution is given by
MV˙(t) = −G(V) + E (1.1)
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where G(V) represents the friction term. This term is usually determined on the basis of
simple phenomenological considerations and hence often assumed positive and increasing,
there is thus only one stationary solution V∞ to the equation
G(V∞) = E, (1.2)
and the solution to (1.1) converges exponentially to this limiting velocity.
In [3] a model of free gas of light particles elastically interacting with a simple shaped
body (a stick in two dimensions or a disk in three dimensions) is studied and it is proven that
the exponential trend to the limiting velocity is not the most general one, on the contrary the
asymptotic time behavior in approaching V∞ is power-law. More precisely, assuming the initial
velocity V0 such that V∞ −V0 is positive and small, it was proven that:
|V∞ −V(t)| ≈
C
td+2
, (1.3)
where d = 1, 2, 3 is the dimension of the physical space and C is a constant, depending on the
medium and on the shape of the obstacle. This result, surprising for not being exponential, is
due to re-collisions that can occur between gas particles and the body while it is accelerating.
Moreover, as already stressed in [3], these re-collisions can take place after arbitrarily large
time, creating a long tail memory which in the end is responsible for the power law decay.
We incidentally remark that the physical model in [3] has been previously introduced in con-
nection with the so-called piston problem ([10]). Later articles ([4]) studied the problem in
absence of the external force, proving the same power of decay. Similar model ([1] ) have been
studied where a stochastic kind of interaction between the gas and the body is assumed: when
a particle of the medium hits the body it is absorbed and immediately stochastically re-emitted
with a Maxwellian distribution centered around the body velocity, in this case the behaviour
was found to be O( 1
td+1
)
The physical reason of this different behaviour is due to the fact that particles are assumed
to be re-emitted with a Maxwellian distribution centered around the body velocity, therefore a
large fraction of the emitted particles have a velocity close to that of the body and this makes
recollisions more likely. More recent works ([6],[9] ) studied a mixed case where it is assumed
that some of the particles that collide with a cylinder-like body reflect elastically, while others
reflect stochastically with some probability distribution K. Here the rate of approach of the
body to equilibrium is O( 1
t3+p
) in three dimensions where p can take any value from 0 to 2,
depending on K.
Now, since the friction term is due to the interaction between the gas and the object, the
question arose of whether the trend of the solution had any connection whatsoever with the
simple shape chosen for the object in the above mentioned articles, in particular in the elastic
interaction models where gas particles bouncing away from the body keep a stronger track of
its shape.
This issue was firstly faced in [5], in the domain of elastic collisions, where it was studied
the evolution of a general convex body, which was more delicate to handle and deserved its
own analysis, indeed it was shown that the shape itself was responsible for a change in the
coefficient appearing in the upper bound for the velocity V(t); nevertheless it was confirmed
the same power expressed in (1.3) and this was mainly due to an important feature that the
convex body shares with the first case of a simple disk , namely in both cases colliding gas
particles bounce away from the body.
In physically realistic situations it would be desirable to deal with a non ideally smooth
shape, one that could give rise to possible trapping effects between the body and the gas,
indeed as stressed before, what leads to the algebraic decay in the evolution are recollisions
and they come essentially from the iterated action between gas particles and the object.
In the present work we removed the hypothesis of convexity and studied the case of a body
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with lateral barriers of finite length, namely a hollow cylinder in three dimensions or a box-like
object in two dimensions (the case of one dimension had clearly no interest in our analysis)
which interacts elastically with the body and moves in a homogeneous fluid with velocity V(t)
along the x axis under the action of a constant external force.
The gas is assumed to be made of free particles (see [7] on Knudsen gas) elastically inter-
acting with the body and it is studied in the mean field approximation, that is the limit in
which the mass of the particles constituting the free gas goes to zero, while the number of
particles per unit volume diverges, in such a way that the mass density stays finite. We will
make explicit use of this condition in section 2.1.
We prove that both in d = 2 and d = 3 dimensions, if the initial velocity of the body is
sufficiently close to its limiting velocity V∞, then for large t,
|V∞ −V(t)| ≈
C
t3
, (1.4)
where C is a constant, depending on the medium and on the shape of the obstacle.
This result is somehow surprising as, according to the quoted literature, it is the first case
in which the power of decay is t−3 like and doesn’t change from two to three dimensions.
Roughly, the reason of this result is that in the long run barriers retain particles responsible
for a further thrust on the disk ( particles otherwise free to escape, see section (3.2) ) and, as
shown in the main proof, this layer of gas has an effect that is non transient.
From this point of view it is no accident that the trend we found is one dimensional like
(d = 1) with respect to (1.3) : in one dimension the gas is constrained to stay in front of
the body during the whole evolution; in our case, no matter what the dimension, the simple
concavity of the body seems to act as the same topological constraint.
As already mentioned our technique as that of the quoted articles is perturbative in the
sense that we take the parameter γ = V∞ −V0 finite but sufficiently small, on the other hand
in [12] and [2] these models have been numerically studied, in particular they computed the
dynamic with stochastic interaction carried out in [1] for a disk subjected to an harmonic force
confirming the analytical results (for analytical studies see [4] and references quoted therein),
here they removed the hypothesis of initial velocity close to V∞, (though still positive) showing
that this doesn’t affect the dynamic.
We chose a simple shape for the object in order to focus the attention on what we consid-
ered the first important feature of a concave body, i.e. possible trapping effects between the
object and the gas, indeed this feature turned out to yield the surprising results we have been
discussing in this brief introduction.
2. The model
2.1. Main features
We consider a disk of radius R with lateral barriers of width h, in dimension d = 3, namely an
hollow cylinder of height h without frontal base, subjected to a constant external force E along
the x-axis. The thickness of the body is assumed negligible for sake of simplicity, though this
assumption is not essential. The cylinder is constrained to stay with its base orthogonal to the
x axis, with the center moving along the same axis and with the hollow base facing forwards.
The system is immersed in a perfect gas in equilibrium at temperature T and with constant
density ρ, assumed in the mean field approximation. (that is the limit in which the mass of the
particles goes to zero,while the number of particles per unit volume diverges, so that the mass
density stays finite.)
The presence of the moving body modifies the equilibrium of the gas which starts to evolve
according to the free Vlasov equation. Our aim is to investigate whether and how the body
3
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Figure 1: (a) Hollow cylinder of height h (d = 3), (b) stick with lateral barriers of length h (d = 2).
reaches a limiting velocity.
In what follows we will write a general vector (rx, ry, rz) ∈ R3 as r = (rx, r⊥).
We will refer to our cylinder in space as C(t), its bottom, namely the disk, as D(t) and its
side as S(t) (Figure 1). More precisely:
C(t) = D(t) ∪ S(t), (2.1a)
D(t) = {(x,x⊥) ∈ R
3 : x = X(t); |x⊥| ≤ R}, (2.1b)
S(t) = {(x,x⊥) ∈ R
3 : 0 ≤ x− X(t) ≤ h; |x⊥| = R} (2.1c)
Where X(t) is the position of the cylinder base along the x axis.
Let then f (x, v, t), (x, v) ∈ R3 × R3 be the mass density in the phase space of the gas
particles. It evolves according to the free Vlasov equation:
(∂t + v · ∇x) f (x, v, t) = 0, x /∈ C(t) (2.2)
The two dimensional version of this body is a box of length 2R with barriers of width
h, immersed in 2 dimensional gas with mass density in the phase space f (x, v, t), (x, v) ∈
R
2 ×R2. For sake of concreteness we shall present the work for the three dimensional case,
namely for the cylinder. The remaining case d = 2 follows by the same arguments with obvious
modifications 1.
Let ˙X(t) = V(t) be the velocity of the body and (x,x⊥, vx, v⊥) the position and speed
of a particle just before the collision with C(t) at time t. In our model gas particles will be
assumed to perform elastic collision with the body. In the case of a collision with the base D(t),
(x = X(t), |x⊥| ≤ R), defining v
′ = (v′x, v
′
⊥) as the velocity of the particle after the impact we
have :
v′x = 2V(t)− vx , (2.3a)
v′⊥ = v⊥. (2.3b)
In the case of a collision with S(t), (X(t) ≤ x ≤ X(t) + h, |x⊥| = R), defining v˜ = (v˜x, v˜⊥)
1For r ∈ R2 of course r⊥ = ry
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as the velocity of the particle after the impact we have :
v˜x = vx , (2.4a)
v˜⊥ = v⊥ − 2|v⊥| cos( θ(v⊥,x⊥))xˆ⊥, (2.4b)
where θ(v⊥,x⊥) is the angle between v⊥ and x⊥. Along this work we will make extensive use
of the norm condition on v˜⊥ which can be easily deduced from the latter of (2.4):
|v˜⊥| = |v⊥| ; (2.5)
a derivation of the foregoing results is carried out in Appendix A.
Together with eq. (2.2) we consider the boundary conditions. They express conservation of
density along trajectories with elastic reflection on C(t). In particular they are :
f+(x, v
′, t) = f−(x, v, t) x ∈ D(t) (2.6)
f+(x, v˜, t) = f−(x, v, t) x ∈ S(t) (2.7)
where
f±(x, v, t) = lim
ǫ→0+
f (x± ǫv, v, t± ǫ). (2.8)
Finally we give the initial state of the gas, assumed in thermal equilibrium through the
Maxwell- Boltzmann distribution
f (x, v, 0) = f0(v
2) = ρ(
β
π
)
3
2 e−βv
2
(2.9)
with β = 1kT , where k is the Boltzmann constant.
The above equation for the gas is clearly coupled with those of the body immersed in it,
which are:
d
dt
X(t) = V(t), (2.10a)
d
dt
V(t) = E− F(t), (2.10b)
X(0) = 0, V(0) = V0, (2.10c)
where E is the constant external force acting along the x-axis and
F(t) = 2
∫
|x⊥ |≤R
dx⊥
∫
vx<V(t)
dv( vx −V(t) )
2 f−(X(t),x⊥, v, t)
−2
∫
|x⊥ |≤R
dx⊥
∫
vx>V(t)
dv( vx −V(t) )
2 f−(X(t),x⊥, v, t)
(2.11)
is the action of the gas on the disk.
We give here a derivation of eq.(2.10) and (2.11), for sake of simplicity we will denote V(t)
simply as V.
Our body, while moving, is subjected to multiples collision with gas particles, if we write
its total variation of momentum in an interval (t, t+ ∆t) along the x axis as ∆V(t) and the
variation of momentum due to collisions with gas particles as ∆Vcoll(t), we have that (M is the
mass of the body)
M∆V(t) = E∆t+ M∆Vcoll(t). (2.12)
After one collision at time t between a particle of position and speed
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(x,x⊥, vx, v⊥) and the cylinder base
2 D(t) the change in momentum along x-axis is (2m/M)( vx−
V ) (see Appendix (A)).
The term ∆Vcoll(t) takes into account all the collisions happening during ∆t, thus:
∆Vcoll(t) =
2m
M ∑
k
( vkx −V ) + α (2.13)
where k labels all particles around the cylinder that are hitting the disk D(t) within ∆t, and α
denotes terms o(∆t)
Let ∆xi∆v j be a volume of the phase space of measure |∆xi∆v j| = ∆W, centered at the
point (xi, v j) and ∆N(xi, v j, t) the number of particles contained in it at time t, so that :
2m
M ∑
k
( vkx −V ) =
2m
M ∑
ij
( v
j
x −V )∆N(x
i, v j, t)
=
2
M ∑
ij
( v
j
x −V )m
∆N(xi, v j, t)
∆W
∆W,
where i, j ranges over positions and velocities that will give rise to collision in (t, t+ ∆t). At
this point letting ∆W → 0 the mean field approximation,whose meaning was mentioned in
the introduction, guarantees the convergence to a finite mass density, i.e :
lim
∆W→0
m
∆N(xi, v j, t)
∆W
= f (x, v, t), (2.14)
so that we arrive to:
∆Vcoll(t) =
2
M
∫
Ω(∆t)
( vx −V ) f (x, v, t)dxdv+ α (2.15)
where Ω(∆t) is the (x, v) region of particles hitting D(t) in (t, t+ ∆t); for further convenience
we split this integral into frontal contribution to recoliision Ω+(∆t) and backward contribution
Ω−(∆t) :
∫
Ω+(∆t)
2
M
( vx −V ) f (x, v, t)dxdv +
∫
Ω−(∆t)
2
M
( vx −V ) f (x, v, t)dxdv. (2.16)
In order for a frontal recollision to happen within an interval of time (t, t+ ∆t) it is neces-
sary that V − vx ≥ 0, then there must be a time 0 ≤ η − t ≤ ∆t such that the particle and the
disk occupies the same position on the x-axis, i.e :
x+ vx(η − t) = X(η) = X(t) +V(η − t) + α, or
x− X(t) = (V − vx)(η− t) + α,
finally, among particles starting outside the barriers only those with
x−X(t) > h would be able to enter and hit D(t) but h is finite while the first condition implies
x− X(t) = O(∆t), hence the last condition : |x⊥| < R .
Summarizing it all:
Ω+(∆t) = {(x, v) ∈ R3 ×R3 : V − vx ≥ 0, (2.17)
0 ≤ x− X(t) ≤ (V − vx)∆t+ α, |x⊥| < R}.
2 We remember that collisions with S(t) don’t affect momentum along x
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Therefore the first contribution is:
∫
vx<V
dv
(V−vx)∆t+α∫
0
d(x− X(t))
∫
|x⊥|<R
dx⊥
2
M
(vx −V) f (x, v, t)
= −
∫
vx<V
dv
∫
|x⊥ |<R
dx⊥
2
M
(vx −V)
2 f−(X(t),x⊥, v, t)∆t + α
= −
∫
|x⊥ |<R
dx⊥
∫
vx<V
dv
2
M
(vx −V)
2 f−(X(t),x⊥, v, t)∆t + α.
Regarding backward recollisions, it is necessary that V − vx ≤ 0 and again there must be a
time 0 ≤ η− t ≤ ∆t such that
x− X(t) = −(vx −V)(η − t) + α, (2.18)
In this case though there aren’t barriers that guarantee condition on x⊥ inside (2.17) to hold;
thus the particle must be on the surface of the disk at the impact time η, i.e ( we write
(η− t) = δt remembering that δt = δt(x, vx) ):
|x⊥ + v⊥δt(x, vx)| < R ; (2.19)
δt =
x− X(t)
V − vx
+ α ≤ ∆t; (2.20)
Summarizing it all:
Ω−(∆t) = {(x, v) ∈ R3 ×R3 : V − vx ≤ 0, (2.21)
− (vx −V)∆t+ α ≤ x− X(t) ≤ 0, |x⊥ + v⊥δt(x, vx)| < R}
consequently the second contribution is
=
∫
vx≥V
dv
0∫
−(vx−V)∆t+α
d(x− X(t))
∫
|x⊥+v⊥δt|<R
2
M
(vx −V) f (x, v, t)dx⊥
=
∫
vx≥V
dv
0∫
−(vx−V)∆t+α
d(x− X(t))
∫
|y⊥|<R
2
M
(vx −V) f (x,y⊥ − v⊥δt, v, t)dy⊥
=
∫
vx≥V
dv
0∫
−(vx−V)∆t+α
d(x− X(t))
∫
|y⊥|<R
2
M
(vx −V) f (x,y⊥, v, t) +O(∆t) dy⊥
=
∫
vx≥V
dv
∫
|y⊥|<R
[ 2
M
(vx −V) f (X(t),y⊥, v, t) +O(∆t)
]
( (vx −V)∆t+ α) dy⊥
=
∫
|y⊥ |<R
dy⊥
∫
vx≥V
dv
2
M
(vx −V)
2 f−(X(t),y⊥, v, t)∆t+ α
where we performed the change of variable y⊥ = x⊥ + v⊥δt to shift the dependence on
time from the integral region to the integrand and expanded in power series to order O(∆t).
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We can finally write (we set M = 1, M being an irrelevant constant
∆V(t)
∆t
= E− 2
∫
|x⊥ |<R
dx⊥
∫
vx<V
dv(vx −V)
2 f−(X(t),x⊥, v, t)
+2
∫
|x⊥ |<R
dx⊥
∫
vx≥V
dv(vx −V)
2 f−(X(t),x⊥, v, t) +O(∆t) (2.22)
taking the limit (∆t → 0 ) concludes the derivation of eq.(2.10) and (2.11).
2.2. Recollision terms
The aim of our work is to derive the asymptotic behaviour of the body. Equation (2.10) shows
that its motion is coupled to that of the gas through the friction term in which f (x, v, t) is
present. The P.d.f.3 of the gas can be solved by means of characteristics (see for example [8] on
this).
Indeed let x(s, t,x, v), v(s, t,x, v) be the position and velocity of a particle at time s ≤ t,
that at time t occupies position x and velocity v ; conservation of mass implies that the P.d.f.
stays constant along particles trajectories and in particular
f (x, v, t) = f0(x(0, t,x, v), v(0, t,x, v)) (2.23)
so that the problem of finding the gas distribution reduces to that of tracking the particles
trajectories.
Given the evolution of the cylinder X(t) , V(t), there is a unique backward time evolution
leading to the initial position and velocity. Such backward evolution is a free motion up to
possible collision-times in which the particle hits the body. On these times we keep track
of the particle displacement through condition (2.3) and (2.4). We proceed in this way until
we reach the desired x(0, t,x, v) , v(0, t,x, v). At the end using the initial state of the gas
distribution, eq.(2.9), we obtain
F(t) = 2ρ(
β
π
)
3
2
[ ∫
|x⊥ |≤R
dx⊥
∫
vx<V(t)
dv( vx −V(t) )
2e−βv
2
0
−
∫
|x⊥ |≤R
dx⊥
∫
vx≥V(t)
dv( vx −V(t) )
2e−βv
2
0
]
(2.24)
Where v0 = v(0, t,X(t),x⊥, v) or by components:
v0 = (v0x, v0⊥) = (vx(0, t,X(t),x⊥, v), v⊥(0, t,X(t),x⊥, v)).
Note that in order to compute F(t) we need to evaluate v0 and hence to know all the previous
history {X(s),V(s), s < t}.
On the other hand, if the light particle goes back without undergoing any collision, then v0 = v
and the friction term is easily computed:
F0(V) = A
[ ∫
vx<V(t)
dvx( vx −V(t) )
2e−βv
2
x −
∫
vx≥V(t)
dvx( vx −V(t) )
2e−βv
2
x
]
,
(2.25)
3Probability density function.
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where the constant contains the area of D(t) and the integral over v⊥ velocity:
A = 2ρ(
β
π
)
3
2 πR2
∫
R2
dv⊥e
−βv2⊥ = 2ρR2
√
πβ (2.26)
In this case the body moves as it was always immersed in the unperturbed equilibrium
state of the gas and its dynamic is no more coupled to that of the gas; it is thus convenient
to split F(t) in terms that contain recollisions and terms that do not; the following expression
serves the purpose:
F(t) = F0(V) + r
+(t) + r−(t) (2.27)
where:
r+(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx<V(t)
dv(vx −V(t))
2(e−βv
2
0 − e−βv
2
),
r−(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx≥V(t)
dv(vx −V(t))
2(e−βv
2
− e−βv
2
0 ),
besides when colliding C(t) a particle changes in general its components, nevertheless eq.(2.3b)
and (2.5) imply
v20⊥ = v
2
⊥ (2.28)
and hence
e−βv
2
0 = e−β(v
2
0x+v
2
0⊥) = e−βv
2
⊥e−βv
2
0x
so that we can finally write recollision terms in their general form
r+(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx<V(t)
dvx(vx −V)
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x) (2.29)
r−(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx≥V(t)
dvx(vx −V)
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
x − e−βv
2
0x). (2.30)
The analysis that has been carried out up to this point makes clear that recollision terms
contain the "true" coupling action between the gas and the body. Now, in view of the physical
system that will be discussed in the next section, we consider a time evolution with V(t) > 0 for
all t > 0. In this case r+ and r− both decelerate the body with respect to the non recollisional
case; i.e:
r±(t) ≥ 0. (2.31)
Indeed let τ be the first time of collision between D(t) and a particle with velocity v0 before
the impact and velocity v afterwards; concerning r+(t), necessary condition for the recollision
to happen is v0x < V(τ), vx < V(t). After the collision
vx = 2V(τ)− v0x = V(τ) + (V(τ)− v0x) > V(τ)
so vx > V(τ) > v0x , on the other hand v0x = −vx + 2V(τ) > −vx
and the resulting inequality ( −vx < v0x < vx) implies
e−βv
2
0x ≥ e−βv
2
x
If more collisions take place, we just iterate the above argument with v1 = v. Concerning r−(t)
9
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necessary condition for the recollision to happen is v0x > V(τ) , vx > V(t) similar computation
as before gives 0 < V(t) < vx < V(τ) < v0 that implies
e−βv
2
0x ≤ e−βv
2
x .
Another inequality that comes directly from here, and from the fact that
0 < e−v
2
≤ 1, is
e−βv
2
0x − e−βv
2
x ≤ 1 ; vx ≤ V(t) (2.32)
e−βv
2
x − e−βv
2
0x ≤ 1 ; vx ≥ V(t). (2.33)
It is worth remarking that F(t) reduce to F0(V) also disregarding only collisions with bot-
tom D(t) but taking into account those with the side, indeed by virtue of eq.(2.3) and eq.(2.5)
|v0|
2 = |v0x|
2 + |v0⊥|
2 = |v|2.
We point out that disregarding recollisions between the gas and the cylinder will uncouple
the cylinder dynamic to that of the gas making the solution straightforward. In this case, in
fact, the friction term reduces to F0(V) and in Appendix B we prove that it is an odd function
and for V > 0 it is positive, increasing and convex. The cylinder then moves according to the
differential equation:
˙V(t) = E− F0(V) (2.34)
; that has a stationary solution V(t) ≡ V∞, with V∞ > 0, such that
F0(V∞) = E (2.35)
and this is unique because F0(V) is monotone, so that we can write the equation as
d
dt
V(t) = F0(V∞)− F0(V), (2.36)
V(0) = V0. (2.37)
Now, exploiting the properties of F0(V), by standard comparison argument (see also ([3]) it is
straightforward to show that, for 0 < V0 < V∞
γe−C−t ≤ V∞ −V(t) ≤ γe
−C+t (2.38)
where
C+ = F
′
0(V0) C− = F
′
0(V∞) (2.39)
and γ = V∞ −V0.
In absence of recollisions our model forecasts an exponential law approach to a limiting
velocity that is what we expected from ordinary friction model, namely: ˙V(t) = E − bV ,
b > 0.
The study of the autonomous equation was trivial right because such a model neglects the
interaction between the gas and the body. On the contrary with the full problem (including
recollisions) we will have to deal with the internal coupling of our system. The next section
will be devoted to the study of the full problem through the two main theorems of this work.
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3. The full Problem
3.1. The theorems and solution strategy
We are now in position to state the main results of the present work.
Theorem 3.1. There exists γ0 = γ0(β, ρ, E, R, h,V∞) > 0 sufficiently small such that , for any
γ ∈ (0, γ0) , there exists at least one solution (V(t), f (t)) to problem (2.2)-(2.10). Moreover any
solution V(t) satisfies
γe−C−t ≤ V∞ −V(t) ≤ γe
−C+t +
A+
(1+ t)3
γ3 ; ∀t ≥ 0 (3.1)
for a suitable positive constant A+ indipendent of γ.
Theorem 3.2. Let γ ∈ (0, γ0). There exists a sufficiently large t, depending on γ, such that any
solution (V(t), f (t)) to problem (2.2)-(2.10) satisfies
V∞ −V(t) ≥ γe
−C−t +
A−γ
4
t3
χ{t > t} ; ∀t ≥ 0 (3.2)
where A− is a positive constant, indipendent of γ, and χ{...} characteristic function of {...}.
We remind that both Theorems 3.1 and 3.2 hold in d = 2 and d = 3 dimensions.
We present here the strategy to prove Theorem 3.1.
If we consider an assigned velocity V1 = W for the body we can compute the respective
gas P.d.f. fW , or equivalently the recollision terms r
±
W , by means of characteristics as explained
in section (2.2). We then consider the modified problem
d
dt
VW(t) =
E− F0(W(t))
V∞ −W(t)
(V∞ −VW(t))− r
+
W(t)− r
−
W(t), (3.3)
VW(0) = V0 > 0, (3.4)
where
r+W(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx<W(t)
dvx(vx −W(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x) (3.5)
r−W(t) = 2ρ(
β
π
)
3
2
∫
|x⊥ |≤R
dx⊥
∫
vx≥W(t)
dvx(vx −W(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
x − e−βv
2
0x). (3.6)
and v0x = vx(0, t,X(t),x⊥, vx, v⊥). Eq. (3.3) leads to a new velocity V2 = VW . We repeat the
same argument with V2 as the new starting velocity and so on. We thus obtain a sequence
{Vn , n ≥ 1} which we can formally express through the map :
Vn+1 = F (Vn)
V1(t) = W(t), (3.7)
Any solution of our problem is a fixed point of the map. The proof of the theorem will be
constructive: we will show how the map acts on a suitable class of functions and look for a set
invariant under its action showing that functions belonging to this set enjoy properties quoted
in Theorem 3.1.
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The above mentioned suitable class of functions is represented by the set Ωα of t-a.e differ-
entiable functions t →W(t) ∈ [V0,V∞] such that:
V∞ −W(t) ≥ γe
−C−t, (3.8a)
V∞ −W(t) ≤ γe
−C+t + γ3
A+
(1+ t)α
; α > 1, (3.8b)
d
dt
W(t) > 0 ∀t ∈ [0, t0], (3.8c)
with
t0 =
1
2C−
Log[
C+
γ
], (3.9)
γ = V∞ −V0, (3.10)
C+ = F
′
0(V0) ≤ C− = F
′
0(V∞), (3.11)
and where A+ is a positive constant independent of γ.
Before starting the proof we collect in the following Lemma some properties of the function
W, which will be useful in the sequel: for 0 ≤ s ≤ t, we set
Ws,t =
1
t− s
∫ t
s
W(τ)dτ (3.12)
and
Wt = W0,t . (3.13)
In what follows the symbol C will indicate any positive constant, independent from γ which
is our small parameter. Any such constant is explicitly computable.
Lemma 3.1. Let W(t) ∈ Ωα ; α > 1. Suppose γ sufficiently small.
Then ∀t > 0:
W(t) > Wt , (3.14a)
d
dt
Wt > 0, (3.14b)
Ws,t > Wt ; ∀s ∈ (0, t), (3.14c)
W(t)−Wt ≤
C
(1+ t)
(γ+ A+γ
3). (3.14d)
Proof. a) The result is trivially true for t < t0 because in this region W is increasing. For t > t0
W(t)−Wt =
1
t
∫ t
0
dτ[W(t)−W(τ)]
=
1
t
∫ t
0
dτ[W(t)−V∞ +V∞ −W(τ)]
≥ −γe−C+t −
A+γ
3
(1+ t)α
+
1
t
∫ t
0
dτ γe−C−τ
= −γe−C+t −
A+γ
3
(1+ t)α
+
γ
C−t
−
γ
C−t
e−C−t
The last quantity is positive by taking γ sufficiently small and consequently t0 sufficiently
large; in this way t is large and the term γC−t is dominant because α > 1.
12
Effects of concavity on the motion of a body immersed in a Vlasov gas
b)
d
dt
Wt = −
1
t2
∫ t
0
W(τ)dτ+
1
t
W(t) =
−Wt +W(t)
t
> 0
the last inequality holding by virtue of (a).
c)
Ws,t −Wt =
1
t− s
∫ t
s
W(τ)dτ−
1
t
∫ t
0
W(τ)dτ
=
1
t− s
(∫ t
0
W(τ)dτ)−
∫ s
0
W(τ)dτ
)
−
1
t
∫ t
0
W(τ)dτ
=
s
t(t− s)
∫ t
0
W(τ)dτ−
1
t− s
∫ s
0
W(τ)dτ
=
s
t− s
(Wt −Ws)
which is positive by (b).
d)
W(t)−Wt =
1
t
∫ t
0
dτ[W(t)−W(τ)]
≤
1
t
∫ t
0
dτ[V∞ −W(τ)]
≤
1
t
∫ t
0
dτ[γe−C+τ +
Aγ3
(1+ τ)α
]
We now observe that both the functions u(t) = 1t
∫ t
0 dτe
−C+τ and z(t) = 1t
∫ t
0 dτ
1
(1+τ)α
are
bounded and decay as 11+t , we can then conclude that u(t) ≤
C1
1+t and z(t) ≤
C2
1+t and finally
W(t)−Wt ≤
C
1+ t
(γ+ Aγ3)
3.2. Computation of Recollision terms
As explained in the previous section, the proof starts studying how the map acts on the set Ωα,
in order to do this we preliminarily have to estimate r±W(t).
The computation of r+W concerns frontal recollisions. The position-velocity of the particle
on which we integrate in r+W is: (x,x⊥, vx, v⊥) with x = X(t) , |x⊥| ≤ R , vx ≤W(t).
The region of (x, v) that doesn’t lead to recollision implies v0x = vx and thus has zero
contribution on r+W .
We then compute r+W by tracing back the time evolution of gas particles which showed
recollision in the past. More precisely: if a collision occurs at time t, to have a past recollision
a time s ∈ (0, t) has to exist such that
vx(t− s) =
∫ t
s
W(τ)dτ, (3.15)
that is vx = Ws,t for some s ∈ (0, t).
Condition (3.15) holds because every collision the particle has against lateral barriers doesn’t
change the momentum along the x-axis, that is vx.
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Besides by (3.14c) in Lemma 3.1, the above condition gets:
vx ≥Wt. (3.16)
The presence of the barriers makes the recollision condition on v⊥ more delicate.
Let x(τ) be the position (on the x-axis) at time τ of a particle with velocity vx, colliding frontally
with the disk at time t, and which had a previous collision at time s, i.e.
x(τ) = X(s) + vx(τ− s) ; τ ∈ [s, t], (3.17)
where vx satisfies the recollision equation (3.15) so that
x(s) = X(s), (3.18a)
x(t) = x = X(t). (3.18b)
Now, for a given s(vx) the particle can either stay within the barriers for the whole time
t− s, or it can move outside during one or multiple intervals of times δi ; we define ∆ as the
largest of these possible intervals, namely ∆ = Max
i
(δi). Obviously if the particle stays inside
the body for the whole time, there are no such intervals δi and ∆ = 0.
If n is the number of times the particle is outside during an interval δi > 0 we define
τ
(a)
i < τ
(b)
i , i = 1, 2 . . .n as those times such that
x(τ
(η)
i )− X(τ
(η)
i ) = h ; η = a, b , (3.19)
x(τ)− X(τ) > h ∀τ ∈ (τ
(a)
i , τ
(b)
i ), (3.20)
τ
(a)
i+1 < τ
(b)
i+1 < τ
(a)
i < τ
(b)
i i = 1, 2 . . .n− 1 (3.21)
that is to say that τ
(a)
i , in the natural forward evolution, are times when the particle escapes
the cylinder, while τ
(b)
i are times of entering back the cylinder. As clear from equation (3.17)
and (3.19), τi depends only on t, s (vx being determined from (3.15) ) and on h as a parameter
of our problem, we can then write the n intervals of time during which the particle is outside
the barriers as
δi(s, t) = τ
(b)
i − τ
(a)
i i = 1, 2 . . .n (3.22)
Let now x⊥(τ) and v⊥(τ) be respectively the position and the velocity of the particle along the
x⊥-axis at time τ, so that |x⊥(s)| < R and x⊥(t) = x⊥.
It is only during intervals δi that particles are free to move in region |x⊥(τ)| > R , therefore
in order for the particle to have a recollision at time s the condition on v⊥ is the following
|x⊥(τ
(b)
i )− v⊥(τ
(b)
i )(τ
(b)
i − τ
(a)
i )| < R ; ∀i (3.23)
A necessary condition for each equation in (3.23) to hold is
|v⊥(τ
(b)
i )| δi(s, t) = |v⊥| δi(s, t) ≤ 2R ; ∀i (3.24)
where we used the conservation of the transverse velocity v⊥.
The above condition is equivalent to
|v⊥|∆(s, t) ≤ 2R (3.25)
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where
∆(s, t) = Max
i∈[1,n]
δi(s, t), (3.26)
Finally for a recollision to happen it is necessary that
vx ≥Wt and |v⊥|∆(s(vx), t) ≤ 2R. (3.27)
Notice that for vx such that ∆(s(vx), t) = 0, condition (3.27) implies
v⊥ ∈ R2 (or, in two dimensions, vy ∈ R1), in other words if the particle never exits the cylinder
no matter what the transverse velocity is, the particle is going to collide back D(t) (obviously
provided vx ≥Wt).
We now observe that the recollision conditions studied in [3] (disk accelerated in a free
Vlasov gas) can be deducted as a special case of the cylinder when h = 0. Indeed in this case
equation (3.19) becomes
x(τ)− X(τ) = 0 ; τ ∈ [s, t], (3.28)
with two solutions τ(a) = s , τ(b) = t and
∆(s, t) = t− s(vx), (3.29)
as expected because h = 0 is the simple case in which the particle is compelled to stay ”out”
during the whole interval (s, t). This gives back the necessary condition of recollision on v⊥
for the simple disk in [3], namely:
vx ≥ Wt and |v⊥| ≤
2R
t− s(vx)
. (3.30)
3.3. Escaping times
As pointed out in the previous section, the region of recollision for v⊥ strongly depends on
the behaviour of the particle during the interval [s, t]. In particular, we need a criterion to
determine whether the particle moves outside the barriers or remains constantly in the cylinder.
To this aim we introduce the following function which represents the distance between the
particle and the disk, namely:
d(s, t, τ) =
∫ τ
s
dp (Ws,t −W(p)) τ ∈ [s, t], (3.31)
Before stating an important result, we define two auxiliary functions (Figure 2):
g(s, τ) = lim
t→∞
d(s, t, τ) =
∫ τ
s
dp (V∞ −W(p)), (3.32)
f (s) = lim
τ→∞
g(s, τ) =
∫ ∞
s
dp (V∞ −W(p)). (3.33)
given 0 ≤ s ≤ τ ≤ t. Inequality (3.8b) ensures both the correctness of the limit (3.32) (in
particular the fact that limt→∞ V∞ −Wst = 0), and the convergence of the integral (3.33).
We preliminarily notice that the function f (s) is strictly decreasing and bounded from
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Figure 2: Example of a trajectory of the cylinder base (thick line) and two particle trajectories (dashed lines), both
particles collide with the cylinder base at time s; while the first particle collides again at the finite time t,
the second collides again after an infinite time. The horizontal axis represents the time, the vertical axis
represents the position along the x axis.
above:
d f
ds
(s) = W(s)−V∞ < 0, (3.34)
f (s) < f (0) =
∫ ∞
0
dp(V∞ −W(p)) < C. (3.35)
moreover
d(s, t, τ) <
∫ τ
s
dp (V∞ −W(p)) ≤ f (s). (3.36)
Let now s∗ be the possible solution of
f (s∗) = h, (3.37)
where we remind the reader that h is the length of the cylinder side; properties (3.34) and (3.35)
ensure that there is at most one s∗ > 0 solution to (3.37).
We summarize an important result in the following lemma.
Lemma 3.2. For h such that ∃s∗ > 0 solution of (3.37) then ∆(s(vx), t) = 0
∀s∗ < s < t.
For h such that ∄s∗ > 0 solution of (3.37) then ∆(s(vx), t) = 0 ∀ 0 < s < t .
Proof. If h ≥ f (0), by properties (3.34) and (3.35) ∄s∗ > 0 solution of (3.37), in this case
f (s) < f (0) < h ∀ s > 0 and together with eq.(3.36)
we have
d(s, t, τ) < h ∀ 0 < s < t;
that means the particle is trapped in the cylinder during the whole interval [s, t], thus ∆(s, t) =
0 ∀ 0 < s < t.
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On the other hand if h < f (0) the same properties of above guarantee the existence of
s∗ > 0, in this case f (s) < h ∀ s∗ < s < t and together with eq.(3.36) we have
d(s, t, τ) < h ∀s∗ < s < t
that is ∆(s, t) = 0 ∀ s∗ < s < t.
We now prove that s∗ is bounded from above and from below in the following way:
s−(γ) ≤ s
∗ ≤ s+(γ). (3.38)
where
s−(γ) =
1
C−
log
γ
hC−
, (3.39)
s+(γ) =
α−1
√
Cγ
h
− 1. (3.40)
Indeed,
f (s∗) =
∫ ∞
s∗
dp (V∞ −W(p))
≤
∫ ∞
s∗
dp (γe−C+p +
Aγ3
(1+ p)α
)
=
γ
C+
e−C+s
∗
+
Aγ3
α− 1
1
(1+ s∗)α−1
. (3.41)
We observe that e−C+s
∗
≤ C1
(1+s∗)α−1
for a suitable constant C1 , while Aγ
3 ≤ C2γ for γ
sufficiently small. We therefore obtain
f (s∗) ≤
Cγ
(1+ s∗)α−1
, (3.42)
which, together with definition (3.37), yields
s∗ ≤
α−1
√
Cγ
h
− 1 (3.43)
On the other hand,
f (s∗) =
∫ ∞
s∗
dp (V∞ −W(p))
≥
∫ ∞
s∗
dp γe−C−p
=
γ
C−
e−C−s
∗
(3.44)
which, together with definition (3.37) , gives
s∗ ≥
1
C−
log
γ
hC−
(3.45)
It is now clear from (3.38) that the magnitude of s∗ increases with γ ; in particular for γ
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small enough there is no positive s∗ satisfying (3.37).
The quantity Θγ =
h
γ is a natural parameter of our problem which gives an indication on
when the presence of the barriers becomes relevant in the dynamic. Indeed, in the limiting
case Θγ → 0, condition (3.38) ensures that s∗ → ∞ and the trapping effect becomes clearly
irrelevant.
Now, as it will be clear in the next section, the dominant contribution that will be responsi-
ble for the t−3 trend, comes essentially from the region s∗ < s < t but this is achievable only
for larger and larger t as Θγ decrease.
3.4. Estimate of r+W and r
−
W
We are now in position to show the behavior of recollision terms, that is summarized in the
next lemma.
Lemma 3.3. Let W ∈ Ωα , α > 1. Then ∀t ≥ 0,
r+W(t) ≤ C
(γ+ A+γ3)3
(1+ t)3
. (3.46)
r−W ≤ Cχ{t > t0}
(γ+ A+γ3
(1+ t)α
)3
. (3.47)
Proof. From recollision condition (3.27) and using that e−βv
2
0x − e−βv
2
x ≤ 1, in expression (3.5),
it follows:
r+W(t) ≤ C
W(t)∫
Wt
dvx (W(t)− vx)
2
∫
R2
dv⊥ e
−βv2⊥ χ({ |v⊥|∆(s, t) ≤ 2R }). (3.48)
As we said, if γ is too small, no positive s∗ > 0 solves eq. (3.37).
In this case ∆(s, t) = 0 ∀s > 0, consequently
∫
R2
dv⊥ e
−βv2⊥ χ({ |v⊥|∆(s, t) ≤ 2R }) =
∫
R2
dv⊥ e
−βv2⊥ ≤ C (3.49)
and from properties of W(t) in Lemma 3.1 we immediately obtain
r+W(t) ≤ C
W(t)∫
Wt
dvx (W(t)− vx)
2 ≤ C
(γ+ A+γ3)3
(1+ t)3
. (3.50)
Instead, if s∗ > 0 exists, a finer analysis is needed. First we study (2.29) for large t, in particular
s∗ ≤ t2 , this can be done since s
∗ was proven to be bounded in t.
We will analyse the contribution to r+W coming from different region of vx.
The first region is t2 ≤ s(vx), where ∆(s, t) = 0 and (3.49 ) still holds.
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Moreover in this region from (3.15) and (3.8) it yields:
W(t)− vx =
1
t− s
∫ t
s
(W(t)−W(τ))dτ
≤
1
t− s
∫ t
s
(V∞ −W(τ))dτ
≤
1
t− s
∫ t
s
A+γ
3
(1+ τ)α
+ γe−C+τdτ
≤ γe−C+s +
A+γ
3
(1+ s)α
. (3.51)
Since
e−C+s ≤ C
1
(1+ s)α
for someC > 0 and
1
(1+ s)α
<
2α
(1+ t)α
,
it follows that
W(t)− vx ≤ C
A+γ
3 + γ
(1+ t)α
. (3.52)
Therefore the first contribution to r+W :
C
∫
t
2≤s(vx)≤t
dvx (W(t)− vx)
2
≤ C
∫ ∞
0
dvx (W(t)− vx)
2 χ{W(t)−
A+γ
3 + γ
(1+ t)α
≤ vx ≤W(t) }
≤ C
[A+γ3 + γ
(1+ t)α
]3
. (3.53)
Similarly for vx such that s
∗ ≤ s(vx) ≤
t
2 relation (3.49) still holds. On the other hand in this
region it can’t be found for (W(t)− vx) an upper bound finer than
W(t)− vx = W(t)−Ws,t ≤W(t)−Wt ≤
C
(1+ t)
(γ+ A+γ
3) (3.54)
which holds in general by (3.14). For this reason the second contribution reads
C
∫
s∗≤s(vx)≤
t
2
dvx (W(t)− vx)
2 ≤ C
W(t)∫
Wt
dvx (W(t)− vx)
2
≤ C (W(t)−Wt)
3 ≤ C
[A+γ3 + γ
(1+ t)
]3
. (3.55)
As last contribution, s(vx) ≤ s∗, we have
C
∫
s(vx)≤s∗
dvx (W(t)− vx)
2
∫
R2
dv⊥ e
−βv2⊥ χ({ |v⊥| ≤
2R
∆(s, t)
}). (3.56)
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In this region too, the best upper bound that can be found for the first integral in (3.56) is
W(t)− vx ≤
C
(1+ t)
(γ+ A+γ
3).
Now, ∆(s, t) can be hard to estimate. Nevertheless so far the dominant contribution 4 in our
computation is (3.55), which expresses a behaviour as t−3 for r+W . We can thus use a rough
upper bound for the second term in (3.56), namely
∫
R2
dv⊥ e
−βv2⊥ χ({ |v⊥| ≤
2R
∆(s, t)
}) ≤
∫
R2
dv⊥ e
−βv2⊥ ≤ C, (3.57)
leading to the last contribution:
C
∫
s(vx)≤s∗
dvx (W(t)− vx)
2 ≤ C
W(t)∫
Wt
dvx (W(t)− vx)
2
≤ C
[A+γ3 + γ
(1+ t)
]3
. (3.58)
Any finer estimation regarding the second integral in (3.56) would only lead to a power decay
greater than t−3, but this would be useless right because of the dominant contribution (3.55).
Finally, collecting (3.53), (3.55) and (3.58) we obtain (3.46) for t ≥ 2s∗.
For the remaining cases: s∗ ≥ t2 and s
∗ ≥ t, by the same arguments presented above,
directly from (3.50) it is straightforward to show that
r+W(t) ≤ C
W(t)∫
Wt
dvx (W(t)− vx)
2 ≤ C
[A+γ3 + γ
(1+ t)
]3
, (3.59)
which concludes the first part of the proof.
As far as r−(t) is concerned the back of the body is simply disk shaped and we proceed in
a similar way of as [3].
Clearly, r−W(t) = 0 for t < t0 where W is increasing. Instead, for t > t0, the recollision
condition on vx is the same as eq.(3.16): vx = Ws,t < V∞. Using again e−βv
2
x − e−βv
2
0x < 1 for
back recollisions in eq(3.6) we obtain
r−W(t) ≤ C
∫ V∞
W(t)
dvx(vx −W)
2 = C(V∞ −W)
3
≤ C
(
γe−C+t +
Aγ3
(1+ t)α
)3
≤ C
(γ+ Aγ3)3
(1+ t)3α
, (3.60)
which concludes the proof.
As a direct consequence of this lemma we have that:
r+W(t) + r
−
W(t) ≤ C
(γ+ Aγ3)3
(1+ t)3
(3.61)
which holds because 1
(1+t)3α
≤ 1
(1+t)3
for α > 1.
4Remember α > 1 so that the power of decaying in (3.53) is 3α > 3
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We go on the next step in proving Theorem 1. The next proposition shows the behaviour
of the map W → VW (see 3.7).
Proposition 3.1. Let W ∈ Ωα, then VW ∈ Ω3.
Proof. First of all, we write the solution to eq. (3.3) by means of Duhamel formula:
V∞ −VW = γe
−
∫ t
0 K(τ)dτ +
∫ t
0
ds e−
∫ t
s K(τ)dτ(r+W(s) + r
−
W(s)) (3.62)
where
K(t) =
E− F0(W(t))
V∞ −W(t)
.
Reminding that V0 ≤ W(t) < V∞ and being F0 a convex function, we get
C+ = F
′
0(V0) ≤ K(t) < F
′
0(V∞) = C−.
By the positivity of r+W and r
−
W , formula (3.62) implies
V∞ −VW ≥ γe
−
∫ t
0 K(τ)dτ ≥ γe−C−t. (3.63)
which is the first property of the set Ωα ; in particular we obtain VW(t) < V∞ for any t > 0.
Then, using again (3.3), we have
d
dt
(VW −V0) = K(t)(V∞ −VW)− r
+
W − r
−
W
≥ C+(V∞ −VW)− Cγ
3
= C+γ+ C+(V0 −VW)− Cγ
3
≥ −C+(VW −V0)
the last inequality holding for γ small enough; from this we get VW(t) ≥ V0 .
Moreover
d
dt
(V∞ −VW) ≤− C+(V∞ −VW) + r
+
W + r
−
W ≤
− C+(V∞ −VW) + Cγ
3 ≤
C(−C+γe
−C−t + γ2),
thus the third property of Ωα
d
dt
(V∞ −VW) < 0 ; ∀ t <
1
2C−
log(
C+
γ
).
In the end, from (3.62) we have
V∞ −VW ≤ γe
−C+t +
∫ t
0
ds e−C+(t−s)C
(γ+ A+γ3)3
(1+ s)3
=
γe−C+t + C(γ+ A+γ
3)3e−C+t
∫ t
0
ds
eC+s
(1+ s)3
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We now show the following estimate:
g(t) = e−C+t
∫ t
0
eC+s
(1+ s)3
ds ≤
C
(1+ t)3
.
we can do that by proving that:
g(t) ≤ C ; ∀ t ≥ 0
and
lim
t→∞
e−C+t
∫ t
0 e
C+s(1+ s)−3ds
(1+ t)−3
= C.
The first comes from direct inspection:
g(t) ≤ e−C+teC+t
∫ t
0
1
(1+ s)3
ds ≤
∫ ∞
0
1
(1+ s)3
= C
The second can be easily computed, for instance by De L’Hopital:
lim
t→∞
∫ t
0 e
C+s(1+ s)−3ds
eC+t(1+ t)−3
= lim
t→∞
1
(C+ −
3
1+t)
= C
To conclude there exists a constant C¯ :
V∞ −VW ≤ γe
−C+t + C¯
(γ+ A+γ3)3
(1+ t)3
.
Now, to obtain the second property of Ωα , with α = 3 it is sufficient that
C¯(γ+ A+γ
3)3 < A+γ
3
The last inequality is satisfied by choosing A+ = 2C¯ (this fixes the constant A+) and γ conse-
quently small.
We can now follow the proof in [4] to show the existence and hence to prove Theorem 3.1.
We showed in proposition 3.1 that F : Ω3 → Ω3, where F is the map (3.7). Consider the set
K of functions W ∈ Ω3 enjoying the property:
K = {W ∈ Ω3
∣∣ ess supt∈R+(|W(t)|+ |W˙(t)|) = L < ∞} (3.64)
It results that K is compact and convex . The map (3.7)W → VW fromK to itself is a continuous
map as showed in [3] ( to which we refer only to show the continuity of the map, being the
existence proof there not complete), then by the Schauder fixed point theorem F has at least a
fixed point in K, that is our seeked solution.
To conclude the proof of Theorem 3.1 we consider any solution (V, f ) of the problem (2.2)-
(2.10). By continuity there exists a time interval for which
V∞ −V(t) < γe
−C+t + C
A+
(1+ t)3
γ3, (3.65)
as it is clearly valid at time zero. Let T be the first time this inequality is violated, by the same
arguments of Proposition (3.1) (replacing W by V) we have:
V∞ −V(t) ≥ γe
−C−t. (3.66)
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and
d
dt
(V∞ −V(t)) ≤ 0. (3.67)
for t ∈ [0,min(t0, t)]. Since V enjoys the same properties as W for t ∈ [0, T) we infer that
eq.(3.65) holds globally in time. This concludes the proof of Theorem 3.1.
3.5. Improvement of the lower bound
Before starting our analysis we remark that following the same steps taken in Section 3.3
(replacing W by V), we arrive at:
s−(γ) ≤ s
∗ ≤ s+(γ). (3.68)
with
s−(γ) =
1
C−
log
γ
hC−
; s+(γ) =
√
Cγ
h
− 1 (3.69)
We present here the strategy to prove Theorem 3.2. Theorem 3.1 proved that our solution
is bounded as
γe−C−t ≤ V∞ −V(t) ≤ γe
−C+t +
A+
(1+ t)3
γ3,
by usual comparison argument, using that r−(t) ≥ 0,
d
dt
(V∞ −V(t)) ≥ −C−(V∞ −V(t)) + r
+(t), (3.70)
then by Duhamel expression
V∞ −V(t) ≥ γe
−C−t +
∫ t
0
dse−C−(t−s)r+(s) (3.71)
Exploiting r+(t) > 0 sends us back to the main properties shown in Theorem 3.1. We
thus look for a finer lower bound to r+(t) for large t; in order to achieve this new bound we
integrate over velocities producing a single recollision in the past.
Let’s consider the recollision condition along x-axis (vx is the velocity of the particle before
the impact at time t):
∃ s ≤ t : vx = Vs,t.
A further recollision at τ < s happens if (the velocity of the particle before the impact at s is
2V(s)− vx)
∃ τ ≤ s : 2V(s)− vx = Vτ,s, (3.72)
now, Vs,t > V0, therefore in order to have only one recollision a sufficient condition is
∃ s ≤ t : vx = Vs,t.
2V(s)− vx < V0
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In a compact formulation, the region of single recollision times is
{s ∈ (0, t) : q(s) < 0}, (3.73)
q(s) = 2V(s)−Vs,t −V0, (3.74)
evidently
q(0) = V0 −Vt < 0 (3.75)
q(t) = V(t)−V0 > 0, (3.76)
then there exists s0 > 0, the smallest solution to q(s0) = 0 :
V(s0) =
Vs0,t +V0
2
. (3.77)
so that:
q(s) < 0 : ∀ 0 < s < s0. (3.78)
Before estimating recollision terms we show that, for t sufficiently large and γ sufficiently
small,
m1 ≤ s0 ≤ m2, (3.79)
where m1 =
1
C− log
3
2 and m2 =
1
C+ log4.
The general property of the solution computed at s0 reads
γe−C−s0 ≤ V∞ −V(s0) ≤ γe
−C+s0 +
Aγ3
(1+ s0)3
(3.80)
where, using (3.77),
V∞ −V(s0) =
γ
2
+
V∞ −Vs0,t
2
. (3.81)
Hence, for γ sufficiently small
γe−C+s0 ≥
γ
2
+
V∞ −Vs0,t
2
−
Aγ3
(1+ s0)3
≥
γ
2
−
Aγ3
(1+ s0)3
≥
γ
2
− Aγ3 ≥
γ
4
,
leading to m2 =
1
C+ log4.
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For the lower bound,
γe−C−s0 ≤
γ
2
+
V∞ −Vs0t
2
=
=
γ
2
+
1
2(t− s0)
∫ t
s0
V∞ −V(τ) dτ
≤
γ
2
+
1
2(t− s0)
∫ ∞
0
γe−C+τ +
Aγ3
(1+ τ)3
dτ
≤
γ
2
+ C
γ+ Aγ3
2(t− s0)
≤
γ
2
+ C
γ+ Aγ3
2(t−m2)
≤
2
3
γ,
which holds for a fixed γ sufficiently small and t sufficiently large, and the proof is concluded.
So the desired lower bound is expressed by:
r+(t) = C
∫
|x⊥ |≤R
dx⊥
V(t)∫
Vt
dvx(vx −V(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x) ≥
∫
|x⊥ |≤R
dx⊥
Vs0,t∫
Vt
dvx(vx −V(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x). (3.82)
In the following we will prove these inequalities:
(e−βv
2
0x − e−βv
2
x) ≥ Cγ (3.83)
V(t)− vx ≥ C
γ
t
(3.84)
Vs0,t −Vt > C
γ
t
(3.85)
First, setting j(v) = e−βv, we can write
(e−βv
2
0x − e−βv
2
x) = −(j(v2x)− j(v
2
0x)) =
−j′(η)(v2x − v
2
0x) = |j
′(η)|(v2x − v
2
0x) ; η ∈ [v
2
0x, v
2
x]
Since v2x and v
2
0x = (2V(s)− vx)
2 are bounded, |j′(η)| is bounded in η, hence
(e−βv
2
0x − e−βv
2
x) ≥ C(v2x − v
2
0x) (3.86)
Now, if v⊥ doesn’t bring recollision v0x ≡ vx and we are back to (e−βv
2
0x − e−βv
2
x) > 0, thus
provided that v⊥ belongs to recollision region we have
(v2x − v
2
0x) = v
2
x − (2V(s)− vx)
2 =
CV(s)(vx −V(s)) > CV(0)(vx −V(s)),
in the region 0 < s < s0 it yields
vx −V(s) ≥ vx −
V0 +Vs,t
2
=
Vs,t −V0
2
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leading to
(e−βv
2
0x − e−βv
2
x) ≥ C(Vs,t −V0); (3.87)
we compute the last term as follows
Vs,t −V0 ≥Vt −V0 =
1
t
∫ t
0
V(τ)−V0 dτ =
= γ−
1
t
∫ t
0
V∞ −V(τ)dτ
≥ γ−
1
t
∫ t
0
γe−C+τ +
A+γ
3
(1+ τ)3
dτ
≥ γ−
1
t
∫ ∞
0
γe−C+τ +
A+γ
3
(1+ τ)3
dτ
≥ γ−
C
t
(γ+ A+γ
3) ≥
γ
2
the last inequality holding for fixed γ and t sufficiently large, so that (3.83) is proved.
We proceed in computing (3.84) :
V(t)− vx = V(t)−Vs,t =
1
t− s
∫ t
s
V(t)−V(τ) dτ
≥
1
t
∫ t
m2
V(t)−V(τ) dτ
=
1
t
∫ t
m2
V(t)−V∞ +V∞ −V(τ) dτ
≥
1
t
∫ t
m2
−γe−C+t −
Aγ3
(1+ t)3
+ γe−C−τdτ
≥
1
t
(t−m2)(−γe
−C+t −
Aγ3
(1+ t)3
)−
γ
t
e−C−t
C−
+
e−C−m2
C−
γ
t
≥
e−C−m2
2C−
γ
t
= C
γ
t
the last inequality holding for large t, given a fixed γ. For the last expression first we notice
that it can be written as
Vs0,t −Vt =
s0
t− s0
(Vt −Vs0) (3.88)
Since s0 is bounded, we note that, for γ small, t0 is much larger than s0, so that V(τ) is
increasing for τ ≤ s0. Hence
Vt −Vs0 =
1
t
∫ t
0
V(τ)dτ−
1
s0
∫ s0
0
V(τ)dτ
≥
1
t
∫ t
0
V(τ)dτ−V(s0)
=
1
t
∫ t
0
(
V(τ)−V∞
)
dτ+V∞ −V(s0)
By using relation (3.77), we observe that
V∞ −V(s0) = V∞ −
Vs0,t +V0
2
≥ V∞ −
V∞ +V0
2
=
γ
2
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Hence
Vt −Vs0 ≥
1
t
∫ t
0
(−γe−C+τ −
Aγ3
(1+ τ)3
)dτ+
γ
2
≥
1
t
∫ ∞
0
(−γe−C+τ −
Aγ3
(1+ τ)3
)dτ+
γ
2
≥ −C
γ+ Aγ3
t
+
γ
2
≥
γ
4
,
for t large enough, and finally arrive to (3.85)
Vs0,t −Vt =
s0
t− s0
(Vt −Vs0) ≥ C
γ
t
. (3.89)
At this point we turn our attention to recollision terms; we first analyze the case in which
no positive s∗ exists. It happens whenever γ is so small that s+(γ) < 0 i.e γ <
h
C . In this case
no particles can leave the box, thus v⊥ ranges over all R
2, and by means of inequalities (3.83),
(3.84) we can finally compute (3.82) :
r+(t) ≥
∫
|x⊥ |≤R
dx⊥
Vs0,t∫
Vt
dvx(vx −V(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x) ≥
C
Vs0,t∫
Vt
dvx(vx −V(t))
2
∫
R2
dv⊥e
−βv2⊥γ ≥
Cγ
Vs0,t∫
Vt
dvx(vx −V(t))
2 ≥ Cγ(Vs0,t −Vt)
(γ
t
)2
,
exploiting (3.85) we conclude that, for t sufficiently large, independently of γ:
r+(t) ≥ C
γ4
t3
(3.90)
It is true that for any given h there is always a γ small enough so that s+(γ) < 0, but physically
this is would be the less interesting case in which the particle is not allowed to escape the box,
in other words it would be the same case of a box with endless barriers.
We therefore prove our estimate dropping the hypothesis of s+(γ) < 0 and consider the
case in which a positive s∗ exists, provided smaller than s0. The last condition is possible by
choosing s+(γ) < m1/2 that is:
h
C ≤ γ ≤
h
C (1+m1/2)
2.
We can now compute the lower bound for r+(t) in the region of s ∈ (s∗, s0) where there is
again no lower bound for v⊥.
r+(t) ≥
∫
|x⊥ |≤R
dx⊥
Vs0,t∫
Vs∗,t
dvx(vx −V(t))
2
∫
R2
dv⊥e
−βv2⊥(e−βv
2
0x − e−βv
2
x). (3.91)
In this case we have to find a lower bound for the new term Vs0,t −Vs∗,t.
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At first, we notice that
Vs0,t −Vs∗,t =
=
1
t− s0
∫ t
s0
V(τ)dτ−
1
t− s∗
∫ t
s∗
V(τ)dτ
=
1
t− s0
∫ t
s∗
V(τ)dτ−
1
t− s0
∫ s0
s∗
V(τ)dτ−
1
t− s∗
∫ t
s∗
V(τ)dτ
=
s0 − s
∗
(t− s0)(t− s∗)
∫ t
s∗
V(τ)dτ−
1
t− s0
∫ s0
s∗
V(τ)dτ (3.92)
=
s0 − s
∗
t− s0
(Vs∗,t −Vs∗ ,s0),
(3.93)
we have that
s0 − s
∗
t− s0
≥
m1
2t
, (3.94)
since s0 ≥ m1 and s
∗ ≤ s+ ≤
m1
2 , while, for t sufficiently large,
(Vs∗,t −Vs∗,s0) ≥
γ
4
. (3.95)
We now prove the last inequality.
First of all, since s0 is bounded, we note that, for γ small, t0 is much larger than s0, so that
V(τ) is increasing for τ ≤ s0. Hence
Vs∗,t −Vs∗,s0 =
=
1
t− s∗
∫ t
s∗
V(τ)dτ−
1
s0 − s∗
∫ s0
s∗
V(τ)dτ
≥
1
t− s∗
∫ t
s∗
V(τ)dτ−V(s0)
≥
1
t− s∗
∫ t
s∗
(−γe−C+τ −
Aγ3
(1+ τ)3
)dτ+V∞ −V(s0)
≥
1
t− s∗
∫ ∞
0
(−γe−C+τ −
Aγ3
(1+ τ)3
)dτ+
γ
2
≥
γ
4
,
for t large enough.
Therefore we obtain
Vs0,t −Vs∗,t ≥
Cγ
t
. (3.96)
In the end even in the case of s+(γ) > 0, proceeding as before, we conclude that for t
sufficiently large, say t > t independent of γ,
r+(t) ≥ C
γ4
t3
. (3.97)
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Eventually the expression (3.71) is
V∞ −V(t) ≥ γe
−C−t +
∫ t
0
dse−C−(t−s)r+(s) ≥ (3.98)
γe−C−t + C
∫ t
t
ds e−C−(t−s)
γ4
s3
and we can bound the integral by showing that:
lim
t→∞
∫ t
t ds e
−C−(t−s)s−3
(1+ t)−3
= Cb
where Cb is a constant, we finally obtain for t > t, with t sufficiently large, independent of
γ
V∞ −V ≥ γe
−C−t + A−
γ4
t3
which concludes the proof of Theorem 3.2.
4. Comments
In this work we investigated the viscous friction acting on a body of concave shape immersed
in a free gas.
We studied the free Vlasov equation by means of characteristics, coupled with the ordinary
differential equation describing the velocity of the body. We split the action of the gas on the
body, namely F(t), in the contribution r±(t) coming from recollisions.
The full problem was presented in Section 3. We studied it as a fixed point of the map (3.7);
we stress that our techniques, as those of the other articles on this subject, are perturbative and
work only when the parameter γ = V∞ −V0 is finite but sufficiently small.
A key role in the analysis was played by the term s∗ in (3.37). This value was linked
through Lemma 3.2 with the time that particles spent outside the body; proving that it was
bounded in time we essentially proved that there was a non zero measure of particles trapped
in the cylinder all along its evolution (at least for γ sufficiently small) and this was essentially
responsible for the slower rate of decay to the limiting velocity.
The estimate of r±(t) was carried out in detail in order to keep track of each contribu-
tion. In the end, in order to obtain the improvement on the lower bound of Theorem 3.2, we
integrated the recollision term over particles producing a single recollision, indeed the main
contribution to the friction comes from these very ones.
We remark that if the cylinder was placed the other way round, that is with its hollow base
facing backwards, we could proceed as in [3] for r+ and in the same way of section (3.4) for r−
leading to the usual t−5 power of decay. It is natural, in fact, that the trapping effects vanish
in the case of a cavity not pointed towards the motion of the body.
Some possible generalizations of the present paper can be considered, for example the case
in which the external field is absent, namely E = 0. As in [4], the evolution of the system
is different from what intuition may suggest: assuming an initial value V0 > 0, the velocity
reaches zero in a finite time t , then becomes negative (thanks to recollision terms), and finally
it reaches zero from negative values. Regarding the exact trend in time of the solution there are
two different cases; if the concavity is turned to the negative x-direction (hollow base facing
backwards), we expect a t−3 decay. Here is a sketch of the proof: the contribution given by the
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back recollisions is bounded, for large t, in the following way:
C1
γ5
t3
≤ r−W(t) ≤ C2
(γ+ A1γ
3)3
(1+ t)3
while the frontal recollision term can be estimated as
|r+W(t)| ≤ C
γ5+
1
4 A31
(1+ t)5
χ(t > t).
Clearly r−W(t) is dominant and, using Duhamel formula, produces the t
−3 decay. On the other
hand, if the concavity is turned to the positive x-direction, although there is a sort of trapping
effect at large times , we are not able to express ourselves over the exact asymptotic behavior
and a further investigation is needed.
Another physically interesting case is the one in which V0 > V∞. In this case we expect that
V(t) initially decreases and crosses the limiting value V∞ within a finite time t0, then it reaches
V∞ from below, with a t
−3 trend; indeed, there exists a time s∗ > t0 such that a fraction of
particles colliding at s > s∗ remain trapped in the concavity. However, an estimate of the
magnitude of s∗ depending on γ and h should require a finer analysis.
Another interesting case is that of a stochastic interaction between the concave body and the
gas. More precisely, as already done in previous papers, we can assume that colliding particles
are absorbed and immediately re-emitted with Maxwellian-distribuited velocities (see [1], [6],
[9]):
f+(x, v, t) = αJ(x, t)e
−β(vx−V(t))2e−βv
2
⊥ (4.1)
As a first study, one could impose diffusive boundary conditions only on the bottom of
the hollow cylinder; the side, instead, could be still assumed adiabatic, so it simply acts as a
lateral barrier which reflects elastically the gas particles. Regardless of their colliding velocity,
particles are now re-emitted, with high probability, at a velocity near to V(t) (see (4.1)) and this
clearly favours their trapping due to lateral barriers. We emphasize that even particles colliding
at high speed, which would be swept away in the case of elastic collisions, can be subject to the
trapping effect. So, the number of recollisions and the portion of trapped particles increases
with respect to the elastic case and we expect that it directly influences the asymptotic behavior.
As stressed in the introduction the aim of this work was to get a slightly more realistic
perspective in the study of such friction problems, taking into account simple interactions
between the body shape and the gas, another work in this direction is [11], where the body
is considered elastic and changes its length according to the interaction with particles. The
next step would be to consider more general kinds of concavity. Nevertheless we would like
to stress that even slight generalizations can give rise to further complications. Consider for
example the case of a body with tilted walls: even if constrained to a fixed velocity, the gas
particles would bounce inside correlating through times different areas of the inner side of the
body (in the cylinder case collisions with the lateral barriers didn’t change particles momentum
along the x axis); this gives rise to a time dependent friction for constant velocities (which was
absent in all previous cases). The time dependency of the friction is in fact linked to the
recollision terms and in the case of fixed velocitiy for the body all previous scenarios showed
no recollisions, however this would not be the case anymore if the body presented tilted walls.
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A. Appendix: Gas Particles Kinematic
We derive here collision conditions (2.3) and (2.4). In what follows we denote by M and V the
mass and velocity of the body and by m and v mass and velocity of a particle which will be
assumed to collide elastically with the body. We start with lateral collisions.
The expression of the side surface of our body, and its inner normal are 5:
g(x⊥) = |x⊥|
2 − R2 = 0 (A.1)
nˆS = (0,−∇⊥ g)
1
|∇⊥ g|
= (0,−x⊥)
1
R
. (A.2)
Let now F b be the impulsive force acting on S(t) during a collision with a gas particle, con-
versely let F g be the impulsive force that the gas particle undergoes during this collision, of
course by Newton third law they are opposites. Moreover, being a constraint force, F g is
perpendicular to the surface (in what follows the upper sign will refer to inner collisions, the
lower to outer ones):
F b(s) = −F g(s) (A.3)
F g = ±|F g |nˆS (A.4)
In particular we consider that the particle hits the body in (x,x⊥) ∈ S(t) at time t and
define its pre(post)collisional velocity as v (v˜); the momentum change of the body (P b) due
to this collision is:
dP b
ds
(s) = ∓|F g(s)|nˆS (A.5)
and by components:
dPbx
ds
(s) = 0 (A.6)
dP b⊥
ds
(s) = −F g(s) = ±|F g(s)|x⊥
1
R
. (A.7)
Even if the second of these equations represents a variation of momentum along x⊥ axis
due to a single collision, the gas distribution is invariant in this direction (the system clearly
possesses such invariance) acting in an homogeneous way around the surface S(t), therefore
the overall action of the gas has a null effect on the momentum along the x⊥ axis
6 .
On the other hand the system lacks symmetry along x-axis (the very displacement of the
cylinder being in this direction), in this sense eq (A.6) guarantees that lateral collisions don’t
change the velocity of the body.
Focusing our attention on the particle, by virtue of (A.3) we have:
dP
g
x
ds
(s) = 0 (A.8)
dP
g
⊥
ds
(s) = ∓|F g(s)|x⊥
1
R
(A.9)
and integrating the above relations in an interval of time [t− ǫ, t+ ǫ] such that it contains only
5
∇⊥ = (∂y, ∂z)
6In any case the body is supposed constrained along the x direction.
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the collision at t, we obtain the total variation:
m(v˜x − vx) = 0 (A.10)
m(v˜⊥ − v⊥) = ∓
I
R
x⊥ ; I =
∫ t+ǫ
t−ǫ
|F g(s)| ds, (A.11)
To complete the derivation we use the conservation of kinetic energy of the system, remember-
ing that the body doesn’t change its velocity for lateral collision and using eq.(A.10):
|v˜⊥| = |v⊥| (A.12)
Finally taking the norm of eq.(A.11) and exploiting eq.(A.12) we get:
|v˜⊥|
2 = |v⊥ ∓
I
mR
x⊥|
2 = |v⊥|
2 + (
I2R
m2
)∓ 2
I
mR
v⊥ · x⊥ (A.13)
arriving to :
I = ±2m|v⊥| cos( θ(v⊥,x⊥) ), (A.14)
where θ(v⊥,x⊥) is the angle between v⊥ and x⊥; note that I is always positive, indeed
θ(v⊥,x⊥) ∈ (0,
π
2 ) for inner collisions and θ(v⊥,x⊥) ∈ (
π
2 ,π) for outer ones.
Combining the expression of I with eq.(A.10) and eq.(A.11) we obtain
v˜x = vx (A.15a)
v˜⊥ = v⊥ − 2|v⊥| cos( θ(v⊥,x⊥))xˆ⊥. (A.15b)
We now turn our attention to collisions with the base of our body, remembering that it is
orthogonal to the x-axis. In particular we consider that the particle hits the body in (x,x⊥) ∈
D(t) at time t and define its pre(post)collisional velocity as v (v′) Proceeding similarly as
before, conservation of momentum and kinetic energy imply for the body:
V′ = V +
2m
M+m
(vx −V) (A.16)
where V′ and v′x are post-collisional velocities.
While for the particle:
v′x = V −
M−m
M+m
(vx −V) (A.17)
v′⊥ = v⊥ (A.18)
Being M >> m, we have
V′ ≃ V +
2m
M
(vx −V) (A.19)
and eq.(2.3)
v′x ≃ 2V − vx (A.20a)
v′⊥ = v⊥. (A.20b)
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B. Appendix: Properties of F0(V)
Lemma B.1. F0(V) is an odd function and for V > 0 it is positive, increasing and convex.
Proof. In the following V > 0. By the change of variable vx → −vx,
F0(V) = A
[∫ V
−∞
dvx(vx −V)
2e−βv
2
x −
∫ −V
−∞
dvx(vx +V)
2e−βv
2
x
]
= A
[∫ −V
−∞
dvx(−4Vvx) +
∫ V
−V
dvx(vx −V)
2e−βv
2
x
]
≥ A
∫ −V
−∞
dvx(−4Vvx) ≥ 0
The first derivative:
F′0(V) = A
[∫ V
−∞
dvx 2(V − vx)e
−βv2x −
∫ ∞
V
dvx 2(V − vx)e
−βv2x
]
=
2A
[∫ V
−∞
dvx (V − vx)e
−βv2x +
∫ ∞
V
dvx (vx −V)e
−βv2x
]
is clearly positive .
The second derivative
F′′0 (V) = 2C
[∫ V
−∞
dvxe
−βv2x −
∫ −V
−∞
dvxe
−βv2x
]
> 0
In the end,
F0(−V) = N
[∫ −V
−∞
dvx(vx +V)
2e−βv
2
x −
∫ ∞
−V
dvx(vx +V)
2e−βv
2
x
]
By changing vx → −vx
F0(−V) = C
[∫ ∞
V
dvx(vx −V)
2e−βv
2
x −
∫ V
−∞
dvx(vx −V)
2e−βv
2
x
]
= −F0(V)
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